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Abstract 

We study Manakov-Santini equation, starting from Lax-Sato form of as- 
sociated hierarchy. The waterbag reduction for Manakov-Santini hierarchy is 
introduced. Equations of reduced hierarchy are derived. We construct new 
coordinates transforming non-hydrodynamic evolution of waterbag reduction 
to non-homogeneous Riemann invariants form of hydrodynamic type. 
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o 1 Introduction 

O t 

In this paper we study an integrable system introduced recently by Manakov and 
Santini [T] (see also pHIH])- This system is connected with commutation of general 2- 
t> . dimensional vector fields (containing derivative on spectral variable). Reduction to 

^ Hamiltonian vector fields leads to the well-known dispersionless KP (or Khokhlov- 

Zabolotskaya) equation. Alternatively, a natural reduction to 1-dimensional vector 
fields reduces Manakov-Santini system to the equation introduced by Pavlov [I] (see 
also p2, E], [7j). Using general construction of the works 0, [IT] , we introduce the 
hierarchy for Manakov-Santini system in Lax-Sato form and generating equation for 
it (the hierarchy in terms of recursion operator was introduced in [2]). We introduce 
waterbag ansatz for Manakov-Santini hierarchy and derive equations of the reduced 
hierarchy. Using rational form of the G function (see below), one can introduce 
new coordinates such that the non-hydrodynamic evolution of waterbag reduction 
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transforms to non-homogeneous Riemann invariants form of hydro-dynamic type. 

This paper is organized as follows. In section 2, GdKP hierarchy is described, 
connection to Manakov-Santini system is demonstrated. In section 3, waterbag re- 
duction for Manakov-Santini hierarchy is introduced, equations of reduced hierarchy 
are derived (in non-hydrodynamic form). In section 4, we introduce new coordinates 
transforming the evolution of waterbag reduction to non-homogeneous Riemann in- 
variants form of hydro-dynamic type. The examples are given. Section 5 is devoted 
to the concluding remarks. 



2 Generalized dKP hierarchy 

To introduce generalized dKP (Manakov-Santini) hierarchy, we use general construc- 
tion of the works [HI EH]. The hierarchy is described by the Lax-Sato equations 



dip dip dip 
dt n dx dp 



iP 



C 
M 



or, equivalently, by the generating equation 

(J _1 d£ A dM)- = 0, 



(2) 



where A n = (J dC n /dp) + , B n = (J 1 dC n / dx) + with the Lax and Orlov operators 
C(p), M(p) being the Laurent series 



£ = P + y^ j u n (x)p~ 



n=l 



M 



(3) 
(4) 



n=l 



n=l 



Here (• • •)+ ((• • •)_) denote respectively the projection on the polynomial part (neg- 
ative powers), and Jo is defined by 



Jr. 



dC dM dC dM 



dp dx dx dp 
dC ( dM 



dp \ dC 
dC dM 



dC dM 

+ 



t n ,v n fixed 



dx dx 



dC dM 



C fixed , 



dx dC 



tn,v n fixed 



d£ 

dp 



C fixed 



dp dx 

We list some of A n and B n as follows 
A x = 1, 



l + vx x p 1 + {v 2x -ux)p 2 + 
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A 2 = 2p- 2v lx , 

A 3 = 3p 2 - 3v lx p + 6«i + 3(v lx ) 2 - 3v 2x , 
A 4 = Ap 3 - Av lx p 2 + (12ui + A(v lx ) 2 - Av 2x )p 

+12u 2 - Av 3x + Sv lx v 2x - A(v lx ) 3 - 8uiv lx , (5) 



and 



B 1 = 0, 
B 2 = 2u lx , 

B 3 = 3u lx p - 3u lx v lx + 3u 2x , 
B 4 = Au lx p 2 + (Au 2x - Au lx v lx )p 

+4wi x (4«i + (v lx ) 2 - v 2x ) - Au 2x v Xx + Au 3x . (6) 

The ti flow of the generalized dKP hierarchy (CE]) says that the dependence on t\ and 
x appear in the linear combination t% + x. 

Proposition 2.1 The compatibility of the commuting flow [dt m ,d tn ]ip = requires 
A n , B n to satisfy 

^tm-^-n dt n A m l\A m , A n ^ x -\- B n A m p B m A n p, 

dt m B n — dt n B m = (B n , B m ) p + A m B nx — A n B mx , (7) 

where (U, V)i := U^V) - (diU)V . 

Proof. Substituting §T§ into dt m dt n ip = d tn d tm ip, and comparing the coefficients of 
independent variables ip x and ip p respectively to the both sides, we obtain (JTj). □ 
The evolution of £, M. with respect to t 2 = V in (DQ) are gi ven by 

IdC , ,dC dC 

2dy- = (P-^fe-^V (8) 
ldM , .dM dM 

Ydy- = ^-^-dx-'^-dp-- (9) 

Using the convention (J^ n a n p n )\ s ] = a s for a formal Laurent series, then from Eq.® 
we have 

^u ly = ({p - v lx )£ x - u lx C p ^j ^ ^ = u 2x - v lx u ix , (10) 
^u 2y = ({p - v lx )C x - u lx C p ^j ^ ^ = u 3x - v lx u 2x + uiu lx , (11) 
On the other hand, the expression of Eq.® together with (jSJ) gives 



oo / oo \ 

£ + 2 E v ^ c ~ n = { v~ O 1 + E ^ £ ~ n 

n=l \ n=l / 



Comparing the coefficients of powers p 1 and p 2 to the above, we have 

V2x = U!+vl x + -V ly , (12) 
V3x = U 2 + ~V 2y + U X V lx + V lx V 2x . (13) 

Similarly, the evolution of C, M. w.r.t. £3 = £ are given by 

ldC ( 2 1 \ dC ( 1 \ dC 

3 m = [ p - VlxP + Ul ~ 2 Vly ) a± ~ + 2 Ml ^ J v (14) 

l&M / 2 1 \ dM ( 1 \ dM 

= [P- W + - 2^ J &7 " + 2^ ) (15) 

Then the t-flow of u% can be read by Eq.^HJ) by taking the coefficient of p^ 1 : 

1 1 A 

-U lt = U 3x -V Xx U 2x + {Ui - -V ly )U lx +UtUi x , 

1 1 

= -jU 2y - -u lx v ly + UlUlx, (16) 



where we have used ( II ip to reach the second line. Also, the expression of Eq. (|15p 
together with (fT^j) gives 

n=l ^ ' \ n=l / 

in which the coefficient of p~ x gives 

111 

-v u = -u 2 + -v 2y + uiv lx - -v lx v ly , (17) 

where we have used Eq.f lTBl . Now differentiating Eqs. flTBT) . (TTTT) respectively with 
respect to x and eliminating u 2x and V2x by Eqs. flTOi) and ( fl2l) . we obtain the following 
two coupled equations for U\ :— u and V\ = v: 

I 1 , , 1 1 

II 11 

-V X t = ^Vyy + UV XX + ~V X V X y ~ ~V XX Vy. (18) 

Eq.t fTBl is the so called Manakov-Santini equation [H El E]. The Lax pair for this 
equation is defined by linear equations (I8f9l and (114j|15p . Notice that for v = 
reduction, the system reduces to the dKP equation 

11.. 

~U xt = -Uyy + [UU X ) X . (19) 

Respectively, u = reduction gives an equation [I] (see also HH E]) 

1111 

-^V xt = -Vyy + ~V X V X y ~ ~V XX Vy. (20) 
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Proposition 2.2 Equation (UJ) can be written in Hamilton- Jacobi type equation 



dp{C) 



dt n 



A n (p(C)) 



dp{C) 



C fixed 



dx 



+ B n (p(£)), 



(21) 



C fixed 



where A n (p) = (J 1 dC n /dp) + and B n {p) = ( J 1 dC n /dx) + . 



Proof. By taking into account the partial derivatives with respect to t n for fixed p 
or C, it is easy to show that 



or 



®1L = o = 

dt n dt n 



dp{C) 



+ 



dp(C) dC 
dC dt n ' 

dp{£) dC 



dt r 



Using ([T]), and ( 1221) with n — 1, we have 



9£ 9t n 



f22l 



dp(C) 



dt r 



C fixed 



(a ( V )?£-B (v) — 
dC \ An{p) dx Bn[p) dp 



A n (p(£)) 



dp{C) 



dx 



+B n (p{C)).D 



C fixed 



Proposition 2.3 The function J = d p £d x A4 — d x Cd p M. and its inverse G = J Q 1 
satisfy 

d t Jo = (A n J ) x -(B n J ) p , (23) 
d tn G = (A n ,G) x -(B n ,G) p , (24) 

where (U, V) { := U(diV) - (d$J)V . 

Proof. Using the t„-flows of C, M. in ([T]) and the definition of Jo, we have 

dt n Jo = (C P ) tn M x + C p (M x ) tn -(C x ) tn M p -C x (M p ) tn , 

— —B np Jo + A nx J + A n J 0x — B n J 0p , 

— {A n Jo) x — {B n J ) p . 

Moreover, substituting J = G^ 1 into the above we obtain ([21]). □ 

As we will see, Proposition 12.31 can provide a crucial way to determine the hierarchy 

flows. 
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3 Waterbag-type reduction 



Consider the waterbag-type reduction of the generalized dKP hierarchy represented 

by m 



N 



£ = p + ^ ei log(p -Ui), (25) 

i=l 

oo M 

M = ^iiiX^ + ^^logfp-K), (26) 



n=l i=l 

where £j and Si are assumed to satisfy 

JV M 



X> = X> = o. ( 2? ) 
i=i i=i 

The ansatz ( 125126]) is consistent with the dynamics defined by Manakov-Santini 
hierarchy ([T]), i.e., the form of ansatz is preserved by the dynamics. Condition 
(}2"T1) guarantees that expansion of C, M. at infinity is of the form Reduced 
hierarchy is represented as infinite set of (1+1) -dimensional systems of equations 
for the functions Ui, Vi, which are obtained by the substitution of ansatz (I25II26P to 
equations of Manakov-Santini hierarchy (CQ). 

Let us consider first flows of reduced hierarchy. For expansion of C, M. at infinity 
from (12511261) we get 

oo / N \ 

£=*-E E«£ )'-• < 28 > 

n=l \i=l J 
oo oo / M _ , n \ 

n=l n=l \ i=l / 

Comparing these expansions with formulae ( |3|4|) . we come to the conclusion that 
u n = — Yl!i=i e i~t- To calculate v n , we should invert the series (128|) to find p(£) 
that can be done recursively, and substitute p(C) to (I2TI]) . For the first coefficients 

u n , v n we get 



ui = - 



N ^ N 

i=l i=l 

M M 

i=l i=l 
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Substituting these expressions to relations (JSJ), (JED and using equations ([I]), we obtain 
equations of reduced hierarchy. Equations of the flow corresponding to y = t 2 read 



M N 

d y U k = (2U k + d x ^2S i vijd x U k -2d x (^2e i uij, 

i=i i=i 

M N 

d y V k = (w k + d x 8iV^jd x V k -2d x (j2 £i U ) • ( 3 °) 

i=l ' i=l 

For the flow corresponding to t = £3 we get 

(M N M M T/2 \ 

w 2 k + 3u k a x ^ - 6 Yl e * Ui + 2 + 3<9 - 2 6 >y d * Uk - 

i=l i=l i=l i=l / 

AT AT M AT ^ 

3£4<9, ^ + 3(d x Y dUi) (d x W + 39 B £ 

i=l i=l i=l i=l 

M JV M .,, , -_i 

d t V k = [ 3V k 2 + 3V k d x Y SiVi - 6 Y + 3(3, ^ 5 t Vtf + 3d x ^ ) " 

j=l i=l i=l i=l / 

N N M N Tj2 \ 

3V k d x Y e * U i + 3 ( d - e ^ @° S ^ + 3(9 * S Ci T r (31) 

i=l i=l i=l i=l / 

A common solution to the systems ( l30i) . ( I3~TT) gives a solution to Manakov-Santini 
equation (JT51) defined as it = — J2f=i e iUi, v — — J2iLi ^Ni- 



4 Diagonal form of reduced hierarchy 



For the waterbag reduction ( 1251 1261) one can show that the G function can be ex- 
pressed in the following form 

G = J = r— / , n=l,...,iV;m = l,...,M, (32) 

* \^n; ^nii 'mj "ran 

where the function F in denominator is a polynomial of p with degree N+M. In gen- 
eral, F can also be factorized into n&Ji (p — W k ), for which VFfc = W k (U n , U nx , V m , V m 
are roots of Jq. We like to mention here that the derivatives U nx , V mx can be inversely 
expressed as function of the form 

U nx = f n (Ui, Vj, W fe ), V mx = g m (Ui, V j} W k ). (33) 

Therefore, we have 

J = „ ^=1 , n = l,...,iV; m= 1,...,M. (34) 

nf=i(p-^)n^i(p-^)' 
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As the result, the evaluation of G at Ui or Vj, i.e., G(p = Ui) = or G(p = Vi) = 
shows that Eq. fliMl) can be written into the following evolution equations of V^: 

^ = A n {p=U i )-^ + B n {p = U i ), (35) 

^ = A,(p = V i )-^+B n (p = y i )- ( 36 ) 

Similarly, Eq.( l23i) with J (p = Wi) = gives rise 

dWi dWi 

= A n (p = W l )^ + B n (p = Wi). (37) 

In summary, combining (}3~5l) . ( |36l) . ( 1371) and replacing those U nx 's and V^s in A n , .B n 



with the transformations fl33|) . we obtain the non-homogeneous Riemann invariant 
form as 

8 tn Ri = A n {p = R l )R lx + B n {p = Ri), i = l,...,2N + 2M, (38) 

for which (i?i, . . . , R 2 n+2m) = (Ui, . . . , U N ; Vi, . . . , Vm; Wi, . . . , Wjv+m)- 

Some linearly degenerate non-homogeneous Riemann invariants forms, associ- 
ated with commuting quadratic Hamiltonians and the Killing vector fields of the 
given metric, were investigated in P QUJ- However, in our case equation (13"%]) is 
obviously not linearly degenerate. 

Remark. For the type of non- homogeneous Riemann invariant form 

^tf = A;(R)i£ + Q i B (R) ) (39) 

the requirements of the commutativity are equivalent to the following restrictions 
on their characteristic speeds and non-homogeneous terms (see appendix A) 

<9jA n _ 9jA m djQ n _ djQ m Q° n _ Q ] m i ^ j n ^ m 



aj _ Ai a j A* O j O- 7 A- 7 — A* A J — A* 

where <9j = d/dR l . 

Example 1. (N,M) = (1, 1) reduction. In this case, 

£ = p + log(l-[//p), 

oo 

= ^nt n £"- 1 + log(l- V/p). 

n=l 

Comparing to the expansion of (I3"PE|) we have w n = —U n /n for n > 1 and = 
—V,v 2 = —V 2 /2,v 3 = UV — V 3 /3, etc. These transformations allow us to get 
A n ,B n (by Eqs.flH]), (jSJ)) which correspond to the reduced system. The G function 
is given by 

G = ^~ U ^- V \ (40) 
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where Wi satisfy 

3 3 3 

J2Wi = U + V + V x , ^2WiWj = U + UV + UV x , YlWi = UV + UV x -U x V. 

i=l M=i i=l 

(41) 

Notice that (TJO]) is not coincident with that in ( l32i) . there is one more root of p = to 
be considered. By (1241) , it turns out that the evaluation of p = gives an additional 
condition, namely 

UVB n (p = 0) = 0, Vn > 1. (42) 

There are two simple cases: (i) V — 0, U ^ 0, (ii) V ^ 0,(7 = 0. One can easily 
deduce considering t2-flow of (1581) that case (i) is a trivial reduction. For the case 
(ii), we have the fact that B n (U — 0) = for n > 1, and Eq. (j4"T]) will reveal us the 
only one relation: V x = W — V . To this end, system (IHHj) reduces to the type of 
homogeneous one in ( l39l) with = 0, namely 

«9 tn if = A^R)^, (43) 

where R = (i? 1 , i? 2 ) = (V, W) and the characteristic speeds A l n = A n (p = R\U = 
0). For instance, for t 2 = y flow, we have A 2 (U = 0) = 2p + 2V X = 2p + 2(W - V), 
then Eq. (H3l) becomes 

( V \ f 2W \ f V 
\ w J y ~ V *W -2V ) \ W 

For t 3 = t flow, we derive A3 (17 = 0) = 3p 2 + 3(1^ - V)p + 3(W - Vf + 3V{W - V), 
thus 

f V \ f 3W 2 \ f V 

\Wj t ~\ 9W 2 -6VWJ\W 

From the two nontrivial flows (|44p . (|45p . we readily obtain the following set of 
hodograph equation 

x + 2Wy + 3W 2 t = F(V,W), 
x + (AW - 2V)y + (9W 2 - QVW)t = G(V,W), (46) 

where F and G satisfy the linear equations 

(W-V)G V = F — G, 
(W - V)F W = G — F. 

Dividing these two equations for V 7^ W we get GV = —Fw- It follows that there 
exists a function such that F = (fiv,G = —<fiw, whence satisfies the defining 
equation 

(V - W)<p vw = y + 4> w . (47) 
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Eq. (j4"Tf) has a general solution of the form 

t = ( v-w)(f(w) + J 1 0± T2 dv 

where f(W) and g(V) are arbitrary functions of W and V, respectively. Choosing, 
for example f(W) = W 3 , g(V) = Const., then we have F = W 3 and G = -WW 2 + 
4W 3 . Substituting back into the hodograph equation ( 1411 we solve 

V = W = -h- 1/3 (24y + 36t 2 + 6th 1/3 + h 2/3 ), 
6 



h = 216yt + 108x + 216t 3 + 12V-96?/ 3 - 10% 2 t 2 + 324ytx + 81x 2 + 324xt 3 , 

which satisfies the t 2 - and t 3 -flows ( 14"4"1) . ( [431) . However, V = W contradicts to the 
relation W = V + V X and V does not satisfy equation fl20l . Actually, from equation 
( 1471) we can see that when V = W one can get F = G. Then we obtain all the 
solutions will satisfy V = W. Consequently, there is no (1,1)- reduction. Similar 
considerations can show that there are no (1,2)- and (2,1)- reductions, either. 
Example 2. (N, M) = (2, 2) reduction. In this case, 

p-U x 



£ = p + e x log 



P-£V 

P-V 1 



M = ^nt n C n - 1 + 5 x \og 



n=l 

For simplicity, we set e x — 8 X — 1. Comparing to the expansion of (131141) . we have w n = 
(U?-U?)/n forn > 1 and v x = V 2 -V x , v 2 = (V 2 2 -V?)/2, v 3 = u x v x +(V£-V?)/3, . . .. 
Now we expand the hierarchy flow of C/j, and up to t 2 = y,t 3 = t. From 
with (N, M) = (2, 2) we have 



G 



nL(p-^)n- = i(p-^-: 
nU(p-w k ) 



where Wi satisfy 



i 



Y^Wi = U x + U 2 + V x + V 2 + V Xx -V 2x , (4* 



i=i 

i 



W t W 3 = U x -U 2 + U X U 2 + V X V 2 + V^Va - V x V 2x 
Wf) +(U x + U 2 )(V x + V 2 + V Xx -V 2x ), (49) 



4 4 



Swr 1 !!^ = (^i + ^)(v r 1 v 2 + v r 1:c v 2 -\/ 1 v 2:(; ) + (f/ 2:c -f/ 1:c )(v 1 -^) 



»=i i=i 



-([/! - C/ 2 + C/iC/ 2 )(K + K 2 + ^ - Kac), (50) 



J]Wi = (C/i-C/a + t/i^^ + Vi^-n^) 

-{V x -V 2 )(U Xx U 2 -U x U 2x ), (51) 



8=1 
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from which, one can substitute into A n , B n to eliminate Ui X , Vi X , etc. For n = 2, 
using fHHj) . floTIl) we have 

4 

A 2 (p) = 2p + 2(V lx -V 2x ) = 2p + 2(-U 1 -U 2 -V 1 -V 2 + Y,W^, 

i=i 

= 2{p — Ri — R 2 - R3 — Ra + R5 + R§ + -R7 + -Rs)> 

and the non- homogeneous term 

B 2 (p) = 2(U 2x -U lx ) } 

- 4 4 4 

J] W7 1 Y[ Wj + (Z7i + U 2 ) (ill -U 2 + U l U 2 ~Y^ WiW^j 



! j = l 

1 



v 1 -v 2 

+ {u l + c/ 2 - W i) (ui - U * + W2 - (C/i + u 2 

1=1 

2 r 

+ R 2 — R$ — Rq — Rj — R$)(Ri — R 2 — R\R 2 — R 1 — R 



R3 — Ra 

+ R 2 )(R\ — R 2 + R\R 2 — R^Rq — R5R7 — R^Rs — R&R7 ~ RqRs ~ R7R8 
-{-R^RqRj + RqRjRs + -R7-R8-R5 + RgR^Re ■ 

Then the t 2 = y flow in ( 1381) is now read 

= 2(i?i — i?i — i?2 — -R3 — R4 + -R5 + -^6 + R7 + R%)Rix + -S2. (52) 
For n = 3, Eq.( l38l) becomes 

at 



A 3 {p= Ri)R ix + B 3 {p = 



+ 



- p=Ri 



Rict 



3p 2 + 3(V lx - V 2x )p + 6(U 2 - U x ) + 3{V lx - V 2x f + - V 2 : 

3(U 2x - U Xx )p - 3(U 2x - U lx )(V 2x - V lx ) + ^{Uj - Ul) x 

= 3Rf + 3R l {V lx - V 2x ) + 6(U 2 - + 3(V lx - V 2x f + ^(V? - V 2 2 ) x 
+3Ri(U 2x - U lx ) - 3{U 2x - U lx )(V 2x - V lx ) + 3{U 2 U 2x - U x U lx ). 
Using Eqs.(|48l)-(l5TT) we arrive 

3^ U 2 -U 1 + R l [R l -U 1 -U 2 -V 1 -V 2 + Y J W i ) 

i=l 

4 4 

+U X U 2 - V X V 2 - V? ~V 2 2 ~Y^ WiWj + (Ux + u 2 + v x + v 2 - w i) 

1=1 



Ri 



dt 



i>j 
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+(C/i + u 2 + v 1 + v 2 )(-u 1 -u 2 + J2 w^j 

1=1 

opr , ^ , 

' ' ' ' (C/i + C/ 2 ) (c/i - C/ 2 + C/1C/2 - WiW i) + S ^ 1 II W ^ 



+ (c/i + C/ 2 - X!^) - ^ + UlU 2 - + f/2 ) 2 ) 

4 

+3( - C/i - C/ 2 - K - V 2 + J2 W *) x 
1 / 4 

(c/i + u 2 - w ) {ui -u* + UiUi ~ (Ui + u 2) 2 ) 

1 2 ^ 1=1 

4 4 x 

+ c/ 2 ) (c/i -u 2 + u,u 2 - X WW,) + w i rl II ^) 

i>j i-1 j=l ' 

o / 4 4 

+ TTZV ( (f/l + U2) ^ W ^ 11 W i + + ^ -U 2 + U1U2 - w * w i) 



4 4 

-YlWi + iu^ c/ 2 )(c/! + c/ 2 - J] Wi) (c/i -U 2 + U ± U 2 - (U, + f/ 2 ) 2 ) 

4 4 

HUi -U 2 + U^^WiWj - (U, - U 2 ) - U,U 2 + (U, + U 2 ) 2 - (Z7 X + u 2 )Y,w l 



essing in terms of Ri,i = 1 
= 3Ri X 



, 8, we get 



R 2 — R\ + Ri(Ri — Ri — R 2 — R3 — -R4 + -R5 + -^6 + R7 + Rs) 

+R\R 2 + R3R4 + R^Rq + R5R7 + R^Rs + R&R7 + R&Rs + R7R9, 
-\-R1R3 + R1R4 — -R1-R5 — R\Rft — R\Ri — R\R$ + R 2 R% + R 2 R^ 
— i? 2 i?5 — R 2 Rq — R 2 Rj — R 2 R% — R3R5 ~ R3R6 ~ R3R7 — R3R8 
— R4R5 — R^Rq — R4R7 — R/^Rg + -R 2 , + -Rq + i? 2 + i?g 

— — ( 2i? x — 2R 2 — R1R5 — RiR% — R1R7 — R1R9, + R2R5 + R2R& 

R3 — R4 v 

+R 2 R-j + R 2 R?, — R\ — R 2 — R\R 2 + R\Rz, + R\Rq + R\R-j + R\R$ 
— i?ii?2 ~l" R 2 R5 ~\~ R 2 Rq + R2R7 + R^Rs ~\~ RiR 2 R^ ~\~ R\R 2 Rq 
+i?ii? 2 i?7 + R\R 2 Rg — R\R§Rq — RiR^Rj — RiR^Rg — RiRqRj 
—RiRqRs — R\R-jR$ — R 2 R$Rq — R 2 R^Rf — R 2 R^,Rs — R 2 RqR^ 
—R 2 RqRs — R 2 R^Rs + R^RqRj + RqR^Rs + R^RgR^ + RqR^RqJ + 
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— — ( — R\ — R\ + 2i?ii?2 + R\ — R\ ~ R\R2 + R\R\ — 2R\Rz + 2R2R3 

— 2i?^i?4 + IR^R^ + R\R§ — R2R5 + R\Rq — R^Rq + R\Rj — R2R7 
-\-R^Rs — R^Rs — R\R^ + -R2-R5 + RiRq — R2RQ + -R1-R7 — R2R7 

1 E> E?2 d p2 I d3 d 1 d3 d 1 p3 d d3 d d3 d d3 d e>3 d 
+ixiJTg — rt2-ttg ~r JX^ih2 ~r 1x^1x3 -+- Jx^ri^ — Jrt^Jrtx, — jX^jxq — ri^JXj — JX-^rig 

1 E> E>3 1 p3 r> 1 p3 d d3 d d3 d d3 d d3 d 

I p2 p2 I p2 p2 I p2 p2 p2 p2 p2 p2 p2 p2 p2 p2 p2 p2 p2 p2 

-\-R\Rz,Rq + R\R^Ri + R\R^Rg + 3R\RqRj + 3R\RqR$ + 3R\RjRg 
—R2R5RQ — R2R5R7 ~ R2R5R8 ~ 3R2R6R7 — 3R2RqR% — 3R2R7RS 
+-R3-R5-R1 — R3R5R2 — R^RqRi + R%RqR2 — R3R7R1 + R3R7R2 
— R^RgRi + R%RgR2 + R4R5R1 — -R4-R5-R2 — R/±RqR\ + R4RQR2 
— + -R4-R7-R2 — R^RgRi + R^RgR2 — c 2R§R\R2 — 1RqR\R2 
— 2RiR\R2 — 1R\RqR\ — 2R1R7R2 — 2R\R^,R^ — 2RgR^R2 — 2R\R§R-j 
— 2R^RqR% — 2R"^RjR% — 2R^R^R^ — 2R3 1 RqR% — 2R^R^ R% — 2R\R^R^ 
-\-R^RqR7 + R-jR^R^ 4- R&R\Rq 4- R\RiR2 — RiR^Rq — R1R5R7 — RiR^R?, 
— -R2-R5-R6 — -R2-R5-R7 — R2R5R8 + RbR\R7 + R\RtR?, + R^R^R^ ~~ RqRiR2 
—RiR^Rq — RiRqRj — RiRqRq — R2R5RQ — R2R\Rj — R2RqR8 + R^RqR^j 
-{-RqR^Rs + RjRgR?, — RjR\R2 — R1R5R7 — R\RqR^ — RiRyRg — R2R5RJ 
— R2R6R7 — R2R7R?, + RaRfRg + RjRqR?) + R^R^Rq — R^R\R2 — RiR^Rg 

— R\RqR^ — i?ii?7-Rg — i?2-R5^8 — ^2-^6^8 — R2RjR\ ~\~ R?,R\R2 ~\~ R^R\R\ 

—R3R5R1 — -R3-R5-R2 + R^RqR\ + R^RqR\ + R3R7R1 + R3R7R2 + R^RsR\ 
+ R^R^R^ + R4R1R2 + R4R1R2 — R^RsR^ — R4R5R2 + R^RqR\ + i?4-Rgi?2 
-{-R^R^R^ + R^RiR^ + Ri±R%R\ + R^R^R^ — 3RiR^RqRy — 3R\R§RiR% 
— 3R1R5R7 Rg — 3RiRk,RqRq — 3R2R5RQR7 — 3R2RQR7RS ~\~ 3R^RqR7R^ 
— 3-R2-R7-R8-R5 — 3R2RsRbRe + R1R2R5R6 + -R1-R2-R5-R7 + R1R2R5RS 
— R1R2RQR7 — R\R2RqR% — R1R2R7 R% — R^R^RqRj — R^RftRfRg 
— RzRjRgRz, — R^RsR^Rq — R3R5R1R2 + RsRqR\R2 + R3R7R1R2 
+R^RsR±R2 + R^RiR^Rq + -R3-R1-R5-R7 + R^R\R^Rg + R^R\RqR-j 
+R^R±RqRs + R^RiRjRs + R3R2R5R6 + R3R2R5R7 + R3R2R5R8 
+-R3-R2-R6-R7 + R3R2R6R8 + R3R2R7R8 ~ RaR^R^Rj — R^RqR-jRs 
— R^RfRgRx, — R/±R%R§Rq — R^R^R\R2 + R^R§R\R2 + R^R-jR\R2 
-\-R4RgR1R2 + R/iR\R§R§ + R4R1R5R7 + R^RiR^Rg + R^RiRqRj 
-\-R4R1RQRg + RiR\R-jR% + R4R2R5RQ + R4R2R5R7 + R4R2R5R8 
+-R4-R2-R6-R7 + R4R2RQR8 + R4R2R7R8 ) • 
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5 Concluding Remarks 



In this article, we investigate the Manakov-Santini equation starting from Lax-Sato 
formulation of associated hierarchy and obtain equations (123|) . f l24"l) . which generalize 
the results of [6]. From these, one can introduce new coordinates ( 1321 ) such that the 
non-hydrodynamic evolution (1301) . (|3T|) of waterbag reduction transforms to non- 
homogeneous Riemann invariants form of hydrodynamic type flHHj) . The equation 
(1381) is not linearly degenerate. Hence the generalization of (HI HO] from linearly 
degenerate case to the general one could be interesting. Also, the solution structures 
of (1381) having infinite symmetries should be investigated. These issues will be 
published elsewhere. 



Appendix 



A Commutability properties of the non-homogeneous 
diagonal system 

We start from the commutability of (1391) by d m d n R % = d n d m R l \ 
dmdnR* 

= d^Rl) + d m Ql 

= Y^(9jK)( d mR j )Ri + Kd x (dmR l ) + Y^(djQn)(dmR j ), 

j j 

= Y.^jXm-\:jk + qdk + KUKnK + oL) + E(^«X A ^ + Q J m), 

j j 

= J^&KKAlRi + QL)K + A n (J2( d A)RlK + KnK x + E^^ 

j 

j j 

j j 

Similarly, 



^xx 



d n d m R l 



r 

'mi 



d n (A l m Rl) + d n Q l r 

E V d A)K + (<9;AjJA™l RiK + J2^ Ai m)QiK + 
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+ E [^Qn)^m + {diQ\n)K\ R? x + 

3 3 

Then, d m d n R l = d n d m R l provide the following compatibility conditions: 
(i) Taking the coefficients of R x R l x we have 

PMMn + (9jK)K = (djADAl + (d^Al, 

which implies 

d-A i d -A' 



An A^ Am A^ rn 

(ii) Taking the coefficients of R x we have 

(djA^Qi = (djADQl 
Combining flA.lj) . the above equation can be written as 



Qi Q 



M - A^ AL - A^ 
(iii) Taking the coefficients of R? x we get 



Ai - Ai AL - Ai 



(iv) The zero-th term of d m d n R % = d n d m R l give us 



m n djQi 

Qn Qm 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



Notice that according to ( 1A.2I) . equation ( 1A.4[) is equivalent to ( 1A.3h . To summarize, 
we have three compatibility conditions ( 1A.1I) . ( 1A.2I) and ( 1A.4I) . 
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